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We study the regular representation p^ of the single- fermion algebra .4^, i.e., 
c 2 = c +2 = 0, cc + + c + c = ( 1, for £ € [0, 1]. We show that po is a four-dimensional 
nonunitary representation of »4o which is faithfully irreducible (it does not admit a 
proper faithful subrepresentation) . Moreover, po is the minimal faithfully irreducible 
representation of ^4o i n the sense that every faithful representation of Ao has a 
subrepresentation that is equivalent to pq. We therefore identify a classical fermion 
with po an d view its quantization as the deformation: £ : — > 1 of pr- The latter 
has the effect of mapping po into the four-dimensional, unitary, (faithfully) reducible 
representation p\ of A\ that is precisely the representation associated with a Dirac 
fermion. 



1 Introduction 

The description of fermions in terms of the Clifford algebra relations 

cc + + c + c = 1, (1) 

c 2 = c+ 2 = 0, (2) 
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dates back to early days of quantum physics. This algebra may be obtained by quantizing 
a classical system with fermionic variables, e.g., a free fermion or a fermionic oscillator 
P3I2]. The classical fermionic variables satisfy the Grassmann algebra relations 

cc + + c + c = 0, (3) 
c 2 = c+ 2 = 0. (4) 

Therefore similarly to the case of bosonic variables, the quantization of a fermionic variable 
may be viewed as the deformation of the algebraic relations 

cc + + c + c = (l, (5) 
c 2 = c +2 = 0, (6) 

where the deformation parameter ( takes values in [0, 1]. Motivated by the method used 
in |3] to study the representation theory of orthofermions, we investigate in this paper 
the effect of the deformation C — > on the representations of the associative algebra A^ 
generated by 1, c, and c + and subject to relations (0) and ©• 

It is well-known jH |3| that the representations of the Clifford algebra A\ are, up to 
equivalence, direct sums of copies of the trivial representation /9 t riviai : 

Ptrivial(l) = Arivial(c + ) = Ptrivial(c) = 0, 

and the two-dimensional unitary (or *-) representation p±: 

*<!)=(; *<c)=(» *<o=(; ° 

For ( ^ 0, one can simply absorb the deformation parameter £ in the definition of c 
and/or c + . Therefore the representations of A$ for C 7^ are the same as those of A\. As 
we shall see below, for £ = the situation is completely different. 

Before, we begin our analysis, we wish to make note of the following facts about the 
Grassmann algebra Ao- 

1. Aq does not admit nontrivial unitary representations. In order to see this we first 
note that in view of Eqs. (0) and © the algebra A$ is spanned by the basis elements 
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1, c + , c and n, where n := c + c. Now, let (H, ( , )) be an inner-product space and p : 
Aq — > End(7Y) be a representation of .Ao where 'End' abbreviates 'Endomorphism' (a 
linear operator mapping TC into 7i.) By definition, if p is a unitary representation, 
then p(c + ) = p(cY , where a dagger stands for the adjoint of the corresponding 
operator. According to Eqs. © and (jlj), the unitarity of p implies for all G Ti., 



\\p(nM)\\ 2 = mp(nYp(n)\ij) = (ij\p(n) 



<V|p(n 2 M = 0. 



Hence p(n)\ip) = 0. On the other hand, 

\\p(cm\\ 2 = Mp(c)V(c)|V) = (V|p(n)|V> = 0. 

Therefore for all \ip) G 7i, p(c)| , 0) = 0, so that p(c) = 0, p(c + ) = 0, and p is trivial. 

2. The only irreducible representation of Aq is the one-dimensional representation de- 
fined by 

PS 1) (1) = 1, P^ ) (c + ) = pS 1) (c) = 0. (7) 

To see this let p : A® — > End(V) be an arbitrary representation. Then V0 = 
Im(p(n)) := {p(n)ti|u G ^} is an invariant (p-stable) subspace jS], because for all 
s G ^4o an d for all v G Vq, p(x)t> G V$. This shows that p is reducible. Furthermore, 
the subrepresentation obtained by restricting p to is clearly equivalent to p^\ 

Next, consider the regular representation p^ : ^ — > End(^) of Aq that is defined by 

Vx,yeA p c (x)y := xy. (8) 
In the basis {1, c + , c, n}, where 
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we have 
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Here we have made use of Eqs. ©, ©, and (jSJ)- 

It is not difficult to show that ( ^ if and only if p^ is a pseudo-unitary representation 
jH]. This is equivalent to the requirement that there is a linear Hermitian invertible 
operator r/ such that 

Pc(c + )=Pc(c)":=^ 1 Pc(c)V (11) 

This can be easily checked by taking rj to be an arbitrary 4x4 matrix and imposing the 
condition r]p^(c + ) = p^(c)^ to determine the matrix elements of rj. It follows that the 
determinant of 77 is proportional to (. Therefore po is n °t pseudo-unitary. For C 7^ there 
are many invertible matrices r\ satisfying (jllj) . e.g., 
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(12) 



Furthermore, in this case, there are similarity transformations 

p c (x) p' c (x) := S^p^S (13) 
that reduce p^ into the direct sum of two nontrivial two-dimensional irreducible represen- 
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tations. A convenient choice is 

/ C o o o \ 

10 
10 
\ -1 1 / 

Using Eqs. (f3|). fTflj) . (jTty . and <JT5j) . we have 
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(14) 
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(15) 



(16) 



where the empty entries are zero. Clearly p[ is the direct product of two copies of the 
basic unitary representation p+ of the Clifford algebra A\. Also note that for £ = the 
matrix S is not invertible, and the above construction does not apply. 

In fact, it is not difficult to show that the Grassmann algebra Aq does not admit one, 
two, or three-dimensional representations that are faithful. In order to see this, consider 
an arbitrary representation p : Aq — ► End(V) where V is a complex (or real) vector 
space, and suppose that p is faithful (one-to-one). Then there is % G V such that w 4 : = 
p{n)v\ 7^ 0. This together with the fact that p{n) = p(c + )p(c) imply v 2 := p(c + )vi ^ 
and t>3 := p(c + )v\ ^ 0. Next let A* G C, with i G {1,2,3,4}, satisfy 



0. 



(17) 



i=i 



Applying p{n) to both sides of this equation yields Ai = 0. Substituting this equation in 
(JTTj) and acting by p(c) and p(c + ) on both sides of the resulting equation lead to A 2 = and 
A 3 = 0, respectively. Therefore Aj = for all i G {1,2,3,4}; Vi are linearly independent, 
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and dim(y) > 4. This in particular shows that the regular representation po is the 'lowest' 
dimensional faithful representation. In the following we shall use the term 'faithfully 
irreducible representation' by which we mean a faithful representation that does not admit 
a proper faithful subrepresentaion. Note that a faithfully irreducible representation may 
very well be reducible. The typical example is the regular representation po. 
Next, consider the span of v%\ 



It is not difficult to see that for all v G V Vl and x G Ao, p(x)v G V Vl . Hence the restriction 
p Vl : Aq — > End(Ki) °f P t° Ki, which is defined by 



provides a representation of Aq. Clearly, p Vl is equivalent to the regular representation 
Po- This proves the following. 

Theorem: Every faithful representation of the Grassmann algebra Aq has a sub- 
representation that is equivalent to the regular representation po- In particular, po 
is (up to equivalence) the unique 4- dimensional faithfully irreducible representation 



This is analogous to the well-known fact about the Clifford algebra A\ , namely that every 
faithful representation of A\ has a subrepresentation that is equivalent to the canonical 
representation p*. In particular, p* is (up to equivalence) the unique 2-dimensional faith- 
ful irreducible representation of A\. However there is a stronger result [3] indicating that 
every representation of A\ is a direct product of copies of the trivial representation p tr iviai 
and the canonical representation p*. A similar result does not hold for Aq. This is mainly 
because there are, besides the trivial representation, one, two and three-dimensional non- 
faithful representations, namely : Ao — > End(C) = C of (JTj) and p^ : Aq — > End(C 2 ) 




Va; G Aq and Vv G V % 



p vi (x)v := p(x)v, 



ofA . 




= 0, p^(c + ) = p 



(18) 
(19) 
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In view of the above-stated uniqueness property of the regular representation po of 
the Grassmann algebra we propose to identify a 'classical fermion' with p . Then 
the quantization of po may be viewed as the deformation ( : — > 1 of the regular rep- 
resentation of the one-fermion algebra that maps the classical fermion po to the 
'quantum fermion' p\. The latter is a four-dimensional unitary reducible representation 
of the Clifford algebra A\ that is associated with a Dirac fermion. In this sense Dirac 
fermions are naturally linked with the quantization of the classical fermions. 
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